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INTRODUCTION



ORIGIN

How to enable a programming language that supports different types
and function?



WHY SYSTEM T

System T is the simply typed A -calculus, with natural numbers,
booleans and recursion



WHY HASKELL

Haskell is a popular functional programming language,

- pattern matching

- Data types

- GADTs

- property based testing



INTRODUCTION

Features in the PL we care about:

- expressivity
- robustness

- efficiency



INTRODUCTION

We design a toy language based on System T, and implement it using
Haskell. Our language has

- natural numbers

- booleans

- higher-order functions

- recursion



INTRODUCTION

L1:  Nat

L2: Nat Bool

‘ L3:  Nat (In expression) Bool (In expression) ‘

‘ L4: Nat Bool Unit Product

‘ L5: Nat Bool Unit Product Function ‘

‘ L6: Nat Bool Unit Product Function (with Recursion) ‘

Figure 1: Design structure



BACKGROUND




PROGRAMMING LANGUAGES

What is a programming language?

- Grammar: The syntax of language, the expressivity
- Type system: Judgement and inference rules

- Operational Semantics: How to run programs



TYPING

A judgement is a relation, connecting expressions to types. For
example,

e T

means e has the type 7. In bidirectional type checking, we splite: 7
into check:

eeT
and infer/synthesis:

e=T



BIDIRECTIONAL TYPE CHECKING

Frank Pfenning’s Bidirectional checking rules, e.g.

Type check

e, < Bool eo =T e3<:TE|
F

Fife, theneyelsees < T

Type Infer/Synthesis

e, < Bool e =T e3=>T T=T

EIF
Fife, theneyelsees =T
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OPERATIONAL SEMANTICS

Big-step:
ez |} Zero e; | e’1 5/1 val EITER-ZERO
lter(eq, eq,€3) I €]
es | Suc(e}) e, Iter(eq, eq,e5) I ey ey val EITER
lter(ey, ep,e3) § ey
1+1)+143
Small-step:
Iter(ey, ey, Zero) = e, EITER Iter(eq, eq,Suc(es)) = ey Iter(eq, eq, €3) EITER
€57 ¢ EITER

Iter(eq, eq, €3) > lter(ey, eq, %)

1+1)+1—-2+1+—3



L3: A LANGUAGE WITH NUMBERS
AND BOOLEANS



SYNTAX OF L3

Grammar of L3:

TYPES
EXPRESSIONS

VALUES
JUDGEMENTS

Nat | Bool

Zero | Suc(e) | true | false |

ife, theneyelsees | e; +e5 | eg xey
Suc™(Zero) | true | false

Fe:T
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EXTRINSIC

data Exp

= EZero
ESucc Exp
ETrue
EFalse
EAdd Exp Exp
EMul Exp Exp
EIf Exp Exp Exp

newtype TC a = TC {runTC :: Either TCError a}
deriving (Eq, Show, Functor, Applicative, Monad)

tccheck :: Exp — Ty — TC ()

data Val tcinfer :: Exp — TC Ty

= VSuccN Nat
| VTrue
| VFalse



INTRINSIC

Generalized Algebraic Data Types (GADTSs)

- Encode invariants about a data structure in its type
- Enforce in a “type-safe” way
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EXTRINSIC AND INTRINSIC

data Exp
= EZero

ESucc Exp
ETrue

EFalse

EAdd Exp Exp
EMul Exp Exp
EIf Exp Exp Exp

data Exp ::
EZero ::
ESucc ::
ETrue ::
EFalse ::
EAdd ::
EMul ::
EIf ::

Ty — Type where

Exp
Exp
Exp
Exp
Exp
Exp
Exp

'TNat

'TNat — Exp 'TNat

'TBool

'TBool

'TNat — Exp 'TNat — Exp 'TNat
'TNat — Exp 'TNat — Exp 'TNat
'TBool — Exp ty — Exp ty — Exp ty



EXTRINSIC AND INTRINSIC

eval (EIf el e2 e3) =
do
bl + eval el
case bl of
VTrue — eval e2
VFalse — eval e3
_ — fail (show el ++ "has a type of” ++ show b1)

eval (EIf el e2 e3) =
case eval el of
VTrue — eval e2
VFalse — eval e3



EXTRINSIC AND INTRINSIC

Extrinsic bi-directional checking exmaple:

tccheck (EIf el e2 e3) ty =
do
_ «+ tccheck el TBool
_ «+ tccheck e2 ty
_ « tccheck e3 ty
return ()
tccheck e ty = tcfail ("check: ”
+ show e + " is not an expression
of type ” ++ show ty ++ "!")

tcinfer (EIf el e2 e3) =
do
_ <+ tccheck el TBool
tcin2 « tcinfer e2
tcin3 « tcinfer e3
if tcin2 = tcin3
then return tcin2
else
tcfail
( "infer:

”

+

"EIf has different type in last two expression:

show €2 ++ "has type of” -+ show tcin2
-+ show e3
++ "has type of”
-+ show tcin3

"‘H'
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L6: A LANGUAGE WITH MANY TYPES




SYNTAX OF L6

Grammar of Lé:

TYPES T == Nat| Bool | Unit | TxT | T—T

EXPRESSIONS Zero | Suc(e) | true | false |
« | Fst(e) | Snd(e) | ife, thene, elsees |
| Mz:T)e | e ey | (er,€9) |
Iter(eq, ey, €5)

CONTEXT I == e | a:T

JUDGEMENTS  J == a:T €l | Thke:T | eval

9y
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BIDIRECTIONAL CHECKING RULES OF L6

Type check

Iaz:A-e< B LAM 'te, = A— B Phe,< A B'=B

T'Xz:A).e<A—>B T'tejes =B APP

T'Fe; <= A I'Fey<=A— A I'Fe3 < Nat
Tk lter(eq, eq,e3) <= A

ITER

Type Infer/Synthesis

La:AF . F
,x: AFe«< B LAM I're;,=A—B I'Fe,< A

I'kXax:A)e=A—B I'keje, =B APP

I'te; = A I'Fey<=A— A T'l ez < Nat

'+ lter(eq, eq,e3) = A ITER
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OPERATIONAL SEMANTICS

Small-step semantics of L6

erre Suc
Suc(e) + Suc(e’)
e, €] €y > €5
L T TUPLE-LEFT —=2 " 2  __ TUPLE-RIGHT
(e1,€5) > (€], €5) (e, €3) > (€1, €5)
e, €}
: . EIF
if e; then e, else e; - if €] then e, else e,
A EIF-TRUE
if true then e, else e; - ¢,
. EIF-FALSE
if false then e, else e; ey
e, €] €y > €5
—L =1 FApp —2 "2 _FAPP EAPP
€1 €y > €] €y €, ey > e e (Ax.eq)eqy > [e5/x]ey
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OPERATIONAL SEMANTICS

Small-step semantics of L6

- EFsT = ESND
Fst((e,e5)) > € Snd((ey, e5)) > ey
e e ere
- EFsT ——~—— ESND
Fst(e) — Fst(e’) Snd(e) = Snd(e’)
EITER
Iter(eq, ey, Z€r0) = €,
EITER
Iter(e,, e4,SUC(e3)) > ey Iter(ey, eq,€5)
% 7% EITER

Iter(e,, e,,€5) > Iter(ey, ey, €%)
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OPERATIONAL SEMANTICS

Big-step semantics of L6

7ERO el ¢ e’ val Suc
Zero | Zero Suc(e) | Suc(e’)
———— TRUE —————— FALSE
true |} true false || false

e, I true ey ) e e} val

A EIF-TRUE
if e; then e, else e; | €5

e, | false e e} es val

s EIF-FALSE
if e, then e, else ey | €}
e, |} Zero e, |ée e) val
s ¥ 1 b L EITER-ZERO
Ilter(ey, eq,e3) | €
e, | Suc(el e, Iter(ey, ey, €’ e e, val
3 ‘U ( d) 2 ( 152 d) U‘ 4 4 EITER

Iter(ey, e, €e5) U €4
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OPERATIONAL SEMANTICS

Big-step semantics of L6

e, 4ef ey e e val e5 val
EUNIT A ETUPLE
| * (e,€2) U (€7, €5)
el (e, e,) e, val el (e, e,) e, val
Fs S
Fst(e) 4 e, T Snd(e) | e, NP
e, YAz A)e
ELAM AT T EAPP
Mey i A)es U A(ey = A).eg e, ex ) [eg/x]e
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EXAMPLE PROGRAM




EXAMPLE PROGRAM

Addition function:

addHs :: Nat — Nat — Nat addL6 :: Nat — (Nat — Nat)

addHs Zero n =n addL6 = A(n :: Nat).\(m :: Nat).

addHs (Succ n) m = Succ (n + m) EIter(m, A(t :: Nat).Suc(t), n)
Main idea:

Iterate m for n times.
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EXAMPLE PROGRAM

Fibonacci function:

(X(fib_m :: Nat).

fst(((\(fib_n :: Nat). Iter((0, S(0)),
fibHs :: Nat — Nat E?E;E;E n F’t‘a;a;)Nagzr;aisr:dqlzgg'
fibHs Zero = Zero _n:: . om:: .

Iter(nat_m,

fibHs (Succ Zero) = Succ Zero
. e . (Mnat_t :: Nat). S(nat_t)), nat_n)))
fibHs (Succ (Succ n)) = fibHs (Succ n) + fibHs n Fst(fib_t)) snd(Fib_1)))),

fib_n))
fib_m)))

Main idea: Save the current result as the first item in the current tuple.
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FIBONACCI

Figure 2: Fibonacci function
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EXAMPLE PROGRAM

Factorial function:

facL6 :: Nat — Nat

facL6 =

(A(m : Nat). snd(((\(n : Nat).
Iter((0, S(0)),

facHs :: Nat — Nat (At : (Nat x Nat)).
facHs Zero = (S(fst(t)),

Succ Zero (((\(n : Nat). (A\(m : Nat).
facHs (Succ n) = Iter(0,

Succ n = facHs n ((\(n : Nat). (A(m : Nat).

Iter(m, (A(t : Nat). S(t)),
n))) m),
n))

S(fst(t))) snd(t)))), n)) m)))

Main idea: Save the current result as the second item in a tuple.
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FACTORIAL

Cuc (o,,1)
e Qz 1)
Sue @i/fg)
Suc @j%/f(é)

S @é‘f’

(57, /70)

Figure 3: Factorial function
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EXAMPLE PROGRAM

Ackermann function:

A(0,n) =n+1
A(m +1,0) = A(m, 1)

Alm+1,n+1) = A(m,A(m + 1,n))
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EXAMPLE PROGRAM

Ackermann function:

ackerHs :: Nat — Nat — Nat

ackerHs Zero n = Succ n

ackerHs (Succ m) Zero = ackerHs m (Succ Zero)

ackerHs (Succ m) (Succ n) = ackerHs m (ackerHs (Succ m) n)
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EXAMPLE PROGRAM

Ackermann function:

compExp :: (Nat — Nat) x (Nat — Nat) — (Nat — Nat)

itExp :: (Nat — Nat) — Nat — (Nat — Nat)

SExp :: Nat — Nat

rExp :: (Nat — Nat) — ((Nat — Nat) — (Nat — Nat)) — (Nat — Nat)

ackerExp :: Nat — (Nat — Nat)
ackerExp = M(n :: Nat). Iter(sExp, rExp, n)
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EVALUATION




TESTING

Tasty framework
What we have tested:

- every inferable expression can be checked for its inferred type.
- every well-typed expression can be inferred
- Progress: Well-typed expressions always reduce to a value.

- Type-preservation: Well-typed expressions reduce to a value of the
same type.
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Figure 4: Function general benchmark result
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CONCLUSION




CONCLUSION

Features in the language we designed and built:

- expressivity
- robustness

- efficiency
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SUMMARY

Get the source of this project and the thesis from

https://github.com/wjrforcyber/SystemT
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https://github.com/wjrforcyber/SystemT

THANK YOU!



QUESTIONS?



	Introduction
	Background
	L3: A language with numbers and booleans
	L6: A language with many types
	Example program
	Evaluation
	Conclusion

